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Abstract

The gas to liquid transfer entropy change for a pure non-polar liquid can be calculated quite accurately using a
hard sphere model that obeys the Carnahan–Starling equation of state. The same procedure fails to produce a
reasonable value for hydrogen bonding liquids such as water, methanol and ethanol. However, the size of the
molecules increases when the hydrogen bonds are turned off to produce the hard sphere system and the volume
packing density rises. We show here that the hard sphere system that has this increased packing density reproduces
the experimental transfer entropy values rather well. The gas to water transfer entropy values for small non-polar
hydrocarbons is also not reproduced by a hard sphere model, whether one uses the normal(2.8 A diameter) or the˚
increased(3.2 A) size for water. At least part of the reason that the hard sphere model with 2.8 A size water produces˚ ˚
too small entropy change is that the size of water is too small for a system without hydrogen bonds. The reason that
the 3.2 A model also produces too small entropy values is that this is an overly crowded system and that the free˚
volume introduced in the system by the addition of a solute molecule produces too much of a relief to this crowding.
A hard sphere model, in which the free volume increase is limited by requiring that the average surface-to-surface
distance between the solute and water molecules is the same as that between the increased-size water molecules, does
approximately reproduce the experimental hydration entropy values.
� 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

When a non-polar molecule is transferred from
a fixed position in the gas phase to a fixed position
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in water, there is a large reduction in entropy. This
decrease in entropy is the reason for hydrophobic-
ity, i.e. the low solubility of non-polar molecules
in water compared to other solvents, at least at
room temperature. But there is still much debate
in the literature on the origin of hydrophobicity
and of this entropy changew1–5x.

If one is interested in understanding which
properties of water molecule and of the water
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liquid are responsible for the phenomenon of
hydrophobicity, it is clear that an appropriate mod-
el system, whether real or theoretically constructed,
would be useful. The hard sphere fluid is a useful
system for this purpose because it is the simplest
system other than the ideal gas. From the known
accurate equation of state, most thermodynamic
quantities can be calculated for this system. The
similarities and differences between this system
and the aqueous system tend to give insight as to
which properties are common to all liquids and
which are special to the aqueous system, which
has extensive hydrogen bonds. It is well known
that some properties, for example the free energy
of cavity formation, can be calculated with sur-
prising accuracy from an appropriately chosen hard
sphere systemw6,7x, although some suggest that
this agreement may be more fortuitous than fun-
damental w3,4x. Sharp et al.w8x used the hard
sphere system to study the volume-dependent term
in the entropy expression. The hard sphere system
has served as the reference liquid in perturbation-
type theoriesw9x and it and its close cousin, the
Lennard–Jones liquid, have been used as a refer-
ence liquid for comparison with more realistic
water models in simulation studiesw10–13x. More
recently, combination of simulation and informa-
tion theory approach showed that density fluctua-
tions within spherical volumes in liquids were
Gaussian in waterw2,14x, but deviate from Gaus-
sian in some systems with spherically symmetric
molecules without hydrogen bondsw15–17x. Such
observations illustrate the value of simpler model
systems in illuminating special characters of water.
A hard sphere system is defined by: the size of

the one or more hard sphere species in the system;
the number density of these species; and the
temperature. The pressure and other thermodynam-
ic quantities are determined once these three(sets
of) parameters are given. Therefore, one has to
choose appropriate values of these parameters
when one constructs a hard sphere system to be
used as the reference system for a real system.
The temperature is invariably set equal to that of
the real system to which the hard sphere system
will be compared. The number density is also
usually chosen to be the same between the real
and the hard sphere systems. But we suggest in

this article that this may not always be the best
choice and that a case can be made for deliberately
choosing a system with different number densities.
The choice of the proper hard sphere size is a

difficult issue. For example, it has been pointed
out that water molecules have two sizes, one for
the hydrogen bonded case and the other when they
make only a van der Waals contactw13x. There
probably is no completely satisfactory way of
choosing the hard sphere size since no real mole-
cule is a hard sphere. Because many properties of
a hard sphere system depend sensitively on the
hard sphere size, the uncertainty associated with
the proper choice of the hard sphere sizes reduces
the value of the hard sphere system as the reference
systemw18x. Nevertheless, a hard sphere system
will continue to be a valuable system for the study
of hydrophobicity because there will always be a
need for a simple reference system to which the
aqueous system may be compared.
In this paper, we explore the entropy change

upon inserting a hard sphere solute molecule into
a hard sphere system and relate it to the corre-
sponding entropy change for the real system. Since
the entropy change depends on the hard sphere
size, we consider two systems, one with the small,
and the other with the larger, size for the solvent
molecules. We find that, in the case of the neat
system wherein the solute is the same species as
the solvent, the hard sphere system that uses the
larger solvent size nearly reproduces the entropy
change of the real system. For the cases when the
solute is not the same as the solvent species,
change of the solvent size alone does not make
the hard sphere system to produce entropy values
that are comparable to that of the real system. In
such cases, however, a reference system may have
to be considered in which the number density is
different from that of the real system. We find that
a hard sphere system that uses the larger solvent
size and the altered number density produces
solvation entropy changes that are remarkably
similar to the corresponding hydration entropy
changes of the real system. The physical meaning
and possible implications of these observations on
the phenomenon of hydrophobicity are discussed.
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Fig. 1. Decomposition of the constant pressure solvation pro-
cess. The process considered is the insertion ofN molecules2

of a solute species into a pure liquid containingN solvent1

molecules under constant temperature and pressure(step V).
This solute insertion process is considered in four steps as fol-
lows: Initially the pure liquid has volumeV under pressurep.o

In step I, the attractive interaction between solvent molecules
is turned off under constant volume to obtain a hard sphere
fluid of the same volume. The pressure rises top . In step II,hs

N hard spheres are inserted, which will turn into the real solute2

molecules when the attractive interaction is turned on later.
This insertion process is carried out in such a manner that the
volume of the system changes toV9 and the pressure top9 .hs

The attractive interaction is then turned back on in step III,
again under the constant volume condition, to obtain a real
solution with volumeV9 and a different pressurep9. Finally, if
the pressurep9 is not the same as the pressure of the original
system, the volume of the solution is allowed to change in step
IV until the pressure reaches the starting pressure.

2. Theory

2.1. Absolute entropy change upon insertion of a
solute molecule in a liquid

The main process of interest in this paper is that
of adding a small amount of a solute species into
a pure liquid under constant temperature and pres-
sure(step V in Fig. 1). We imagine carrying out
this process in four consecutive steps as follows.
In step I, the soft attractive interaction between
molecules is turned off under the constant volume

condition. We shall refer to the molecules obtained
after this step ‘hard spheres’ since they interact
with other molecules through the hard part of the
potential. However, they still have the internal and
rotational degrees of freedom. We assume that
these degrees of freedom are completely separable
from the translational degrees of freedom and that
the molecules behave like hard spheres when they
interact with other molecules. The pressure of the
system rises top upon this step. In step II, ‘hardhs

spheres’ corresponding to the solute molecules are
added. The volume of the system is allowed to
change during this process by an amount to be
designated as per molecule. is normally set¯ ¯v vhs hs

equal to , the partial molecular volume of thev̄2
solute species in the final(non-hard sphere) solu-
tion, but we consider a more general model in this
work in which is allowed to be different fromv̄hs
. The pressure of the system generally changesv̄2

upon this insertion. Step III is the reverse of step
I in which the soft attractive interaction between
molecules is turned back on under the constant
volume condition. Finally, when is not equalv̄hs
to , an additional step, step IV, is needed inv̄2
order to bring the volume of the system to that of
the final solution after step V. Step IV is carried
out for the real(non-hard sphere) solution. The
pressure of the system returns to the original
pressure in this step.
The partial molecular entropy of the solute,s ,2

is given by:

≠ DS qDS qDS qDSŽ .I II III IV
s ss s2 V

≠N2

ss qs qs (1)II III IV

in whichDS throughDS are the entropy changesI IV

in steps I through IV, respectively,N is the number2

of solute molecules added, ands through s areI V

the entropy changes per solute molecule in steps
I–V, respectively.s is missing in the expressionI

sinceDS does not depend onN . s and s areI 2 II IV

the entropy changes per solute molecule that occur
entirely within the hard sphere and the real sys-
tems, respectively, whereass is the entropyIII

change per solute molecule upon conversion of
the hard sphere system to the real system.sIII
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represents the entropy difference between the hard
sphere model and the real system.
The entropy change for step IV is given by:

B E B E≠S ≠V a
¯ ¯C F C Fs s s v yv (2)Ž .IV 2 hs

D G D G≠V ≠N bT 2 IV

wherea andb are the thermal expansion coeffi-
cient and the compressibility, respectively, of the
solution. We have assumed that the volume change
during step IV is sufficiently small thatayb

remains constant and recognized that when the
solution is dilute, the volume change upon step V
is equal toN . Obviously, when is chosen to¯ ¯v v2 2 hs

equal , step IV is not needed and the entropyv̄2
change associated with this step is zero.
The entropy change upon step II has been

computed by many, including Sharp et al.w8x who
used the Percus–Yevick equation of state for the
hard sphere mixtures. We follow a similar proce-
dure but use the Carnahan–Starling equation of
statew19x, which is considered to be more accurate,
and specialize to the infinitely dilute solution. The
procedure is to obtain the expression for the total
entropy of the hard sphere mixture and then obtain
the entropy change upon solute addition by differ-
entiating the total entropy with respect to the
number of solute molecules.
The entropy of a ‘hard sphere’ mixture is given

by:

ir id eSsS qS qS (3)

where S is the entropy due to the internal andir

rotational degrees of freedom;S is the entropyid

of the ideal gas mixture of the same composition,
volume and temperature; andS is the excesse

entropy. We assume that the internal and rotational
degrees of freedom of each molecule are inde-
pendent, in which caseS is given by:ir

ir irS sS N s (4)i i

whereN is the number molecules of species i andi

s is the entropy of a ‘hard sphere’ of species iir
i

from the internal and rotational degrees of free-
dom.S is given by:id

w z5id 3S s-k N ln r L y (5)x |Ž .i i i8 2y ~

where k is the Boltzmann’s constant,r is thei

number density of species i, and yL shy 2pm kTi i

is the momentum partition function of species i,
whereh is the Planck constant,m is the moleculari

mass of species i, andT is the absolute tempera-
ture. For a system that obeys the Carnahan–
Starling equation of state,S is given byw19x:e

w
3 3y q2y2 3e xS syNk y 1yy qy qy qŽ .1 2 32 1yjy Ž .

1yy yy yy y3B E 1 2 33
C Fq 2
D G2 1yjŽ .

z

|q y y1 ln 1yj (6)Ž . Ž .3
~

In this equation,N is the total number of molecules
in the system andj is the volume packing density
defined as8N v yV, wherev spd y6 is the phys-3

i i i i

ical volume of a molecule of species i,d beingi

the diameter of the molecule, andV is the volume
of the system. For a binary system,y , y and y1 2 3

are defined as follows:

d qdŽ .1 2
y sD ,1 12

yd d1 2

y2 d dB E 1 2jiC Fy sD ,2 128
D Gj dii

2y3 3w z2 B Eji 1y3C Fy s x ,x |3 i8
D Gjy ~i

and

2yj j d ydŽ .1 2 1 2
yD s x x ,12 1 2

j d d1 2

wherej sN v yV andx sN yN. For a sufficientlyi i i i i

dilute binary system, Eq.(6) can be written as:

eS sk(NAqN B) (7)2

with

j 4y3jŽ .
Asy (7a)21yjŽ .
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and

w
2Bs ry1 ln 1yj yAxŽ . Ž .

y

zS W5y3jT T

U Xq 2ln 1yj y A r (7b)|Ž .T T

V Y4y3j ~

wherersd yd .2 1

The entropy change upon step II solute insertion
per molecule is given by:

ir id es s≠Sy≠N ss qs qs (8)II 2 2 2 2

in which

w z¯3 vhsid 3x |s syk ln r L y y , (8a)Ž .2 2 2 ¯2 vy ~1

where is the partial molar volume of the solventv̄1
species and
es sk(AqBqC) (8b)2

with

≠A ≠A ≠j
CsN sN

≠N ≠j ≠N2 2

B E2j 2yjŽ . v̄hs 3C Fs yr . (8c)3 ¯D G1yj vŽ . 1

We have assumed that the solution is so dilute
that the partial molar volume and the packing
density of the solution is the same as those of the
pure solvent and that the term can beN ≠By≠N2 2

ignored.

2.2. Connection to the experimentally measurable
transfer entropy changes

The entropy change,s , computed above is the2

total entropy change that includes the contribution
from the translational degrees of freedom of the
solute molecule. The entropy change upon inser-
tion of a solute molecule at a fixed position in the
liquid is given by the Ben-Naim standard entropy,
s , which is related to the total change byw20,21x•
2

• 3s ss yk ln(r L )qk(aTq3y2). (9)2 2 2 2

Combining Eqs.(1) and (8) and Eq. (9), we
obtain

B Ev̄hs• ir eC Fs ss qk yaT qs qs qs . (10)2 2 2 III IV¯D Gv1

Since the only degrees of freedom that contrib-
ute to the entropy of a molecule fixed at a position
in the ideal gas phase is internal and rotational
degrees of freedom,

• irs (gas)ss (gas). (11)2 2

If we now assume that the entropy from the
internal and rotational degrees of freedom in the
‘hard sphere’ phase is the same as that in the ideal
gas phase, i.e.
ir irs (h.s. liquid)ss (gas), (12)2 2

the Ben-Naim standard entropy change upon gas
to liquid transfer process is given by:

B Ev̄hs• • • eC FDs ss liq ys gassk yaT qsŽ . Ž .2 2 2 2¯D Gv1
qs qs . (13)III IV

This expression can be used to computes forIII

a given hard sphere model using the experimental
solvation entropy values and the properties of the
solvent. Equivalently, we will define calculated
entropy change for the hard sphere model,Ds (hs),•

2

as

B Ev̄hs• eC FDs hssk yaT qs qs (14)Ž .2 2 IV¯D Gv1

and compare it to the experimentally measured
Ds . The difference between these two quantities•

2

is s .III

3. Methods and results

3.1. Entropy of pure liquids

We first consider the case wherein a molecule
is transferred from the gas phase to its own neat
liquid phase. The liquids and their physical prop-
erties used are listed in Table 1. The hard sphere
sizes chosen are the conventional ones that have
been used in the literature. The experimental and
the hard sphere model(hs1) Ds values are given•

2

in Table 2. The experimental values are those
reported by Ben-Naim and Marcusw22x. These
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Table 1
Some physical properties of the selected liquids at 258C

d v̄1 a=103 j

(A)˚ (cm mol )3 y1 (K )y1

n-C H5 12 5.78 116.12 1.591 0.524
C(CH )3 4 5.80 123.31 1.200 0.499
n-C H6 14 6.02 131.62 1.407 0.523
c-C H6 12 5.63 108.75 1.214 0.517
Benzene 5.26 89.41 1.240 0.513
Toluene 5.64 106.86 1.086 0.530
CCl4 5.37 97.09 1.226 0.503
H O2 2.75 18.07 0.257 0.363
CH OH3 3.69 40.73 1.189 0.389
C H OH2 5 4.34 58.68 1.089 0.439

d: Hard sphere diameters fromw48x for n-pentane andn-
hexane, fromw7x for neopentane, fromw6x for water, and from
w49x for all other liquids. : Molar volumes from the samev̄1
references as for the hard sphere diameters.a: Thermal expan-
sion coefficients fromw50x for n-pentane,n-hexane, methanol
and ethanol, and fromw51,52x for all others.j: Volume packing
density.

Table 2
The experimental(exp) and hard sphere model(hs1) Ds val-•

2

ues for the transfer from gas to the neat liquid phase in J
K mol units at 258Cy1 y1

Ds (exp)•
2 Ds (hs1)•

2

n-C H5 12 y39.8 y42.3
C(CH )3 4 y36.2 y36.0
n-C H6 14 y45.9 y41.6
c-C H6 12 y44.4 y39.8
Benzene y45.2 y39.0
Toluene y50.3 y42.5
CCl4 y42.5 y36.9
H O2 y51.3 y14.0
CH OH3 y56.7 y19.2
C H OH2 5 y65.5 y25.5

Table 3
Alternate diameter, packing density and the experimental(exp)
and hard sphere model(hs2) neat phase transferDs values for•

2

hydrogen bonding liquids at 258C

d j Ds (exp)•
2 Ds (hs)•

2

(A)˚ (J K mol )y1 y1 (J K mol )y1 y1

H O2 3.17 0.556 y51.3 y47.0
CH OH3 4.10 0.534 y56.7 y43.7
C H OH2 5 4.66 0.544 y65.5 y45.9

were obtained as the temperature derivative of the
corresponding Gibbs energy difference,DG , along•

the liquid–vapor equilibrium line rather than along
the constant pressure condition, but the difference
should be negligiblew23x. The modelDs values•

2

are those obtained using Eq.(14) with the setv̄hs
to equal , which in this case is equal to , the¯ ¯v v2 1

molar volume of the liquid.
Table 2 shows that both the experimental and

the model entropy values are negative for all
liquids. This is an expected result since the solute
and solvent are the same species in this case and
the reported entropy values represent the entropy
per molecule of the pure liquid. Liquids have a
structure and, as was pointed out earlierw21x, the
entropy values given represent the increase in the
amount of structure due to the increase in the size
of the system by one molecule. Table 2 also shows
that the experimental and the model entropy values
agree well for all non-polar liquids. In contrast,
the agreement is poor for water, methanol and
ethanol, which form hydrogen bonds.
An obvious possible reason for the large differ-

ence between the model and the experimental
entropy values in the case of water is that the
difference represents additional structure in real
water that is due to the hydrogen bonding, which

is not present in the hard sphere system. However,
there is also the less well recognized issue of the
proper solvent size to use. As mentioned in the
Section 1, two sizes can be assigned to water
molecules, one for the case when they hydrogen
bond and another, a significantly larger one, for
the case when they do not. The result of Table 2
was obtained using the size that is appropriate for
the former case. However, since a hard sphere
system does not have hydrogen bonds, one could
argue that a more proper hard sphere model would
be the one with the larger size.
The possible sizes of water, methanol and eth-

anol molecules after their hydrogen bonds have
been turned off are given in Table 3. The 3.17 A˚
diameter for water is the Lennard–Joness param-
eter in the SPCE model of waterw24x and is
between 3.15 A for the same parameter in the˚
TIP4P modelw25x and 3.2 A that one of us used˚
in an earlier workw26x. The 4.10 and 4.66 A,˚
respectively, for methanol and ethanol are the
diameters of the spheres that have the same volume
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Fig. 2. Negative of the experimental(open circles) and model(closed circles) hydrationDs values, in units ofk the Boltzmann’s•
2

constant, as a function of the diameter of the solute molecules. The first two points are for water as solute species, with 2.75 and
3.17 A diameters. The other points are for methane, ethane, propane, isobutane, normal butane and neopentane. The calculations˚
for these latter solutes were made using the hs3 model.(See the text.)

as that obtained from the van der Waals volume-
increments for each moleculew18,27x. Although
the entropy values calculated from this model
(hs2) are still smaller than the experimental values,
they become remarkably similar to the experimen-
tal values. The change in the entropy values for
water can also be seen by the first two pairs of
points in Fig. 2, which show the experimental and
model entropy values for water with 2.75 and 3.17
A diameter, respectively.˚

3.2. Solvation of hydrocarbons in benzene

In order to provide a contrast to the hydration
data to be presented in the next sub-section, the

entropy values were also calculated for transfer of
methane and ethane from the gas phase to benzene.
The solvent properties used were as given in Table
1 and was set equal to for both of the solute¯ ¯v vhs 2

species. The experimental and the modelDs•
2

values are given in Table 4. The model values are
sensitively dependent on the value of the partial
molar volume of the solute species used and the
use of slightly larger yields modelDs values•v̄2 2

that are nearly identical to the experimental values.
The required change in the value of is not largev̄2
in view of the uncertainties associated with the
experimental values. We note, for example, that
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Table 4
The diameter, partial molar volume in benzene and the exper-
imental (exp) and hard sphere model(hs) Ds values for the•

2

transfer of methane and ethane from the gas phase to liquid
benzene at 258C

d v̄2 Ds (exp)•
2 Ds (hs)•

2

(A)˚ (cm mol )3 y1 (J K mol )y1 y1 (J K mol )y1 y1

CH4 3.70 52(57) y3.7 y10.4 (y3.8)
C H2 6 4.38 73(76) y8.4 y12.0 (y8.1)

d: Hard sphere diameters fromw32x. : Partial molar vol-v̄2
umes from Ben-Naimw28x, p. 320. The values in parentheses
are those that produce nearly experimental(Ds values.Ds :• •

2 2

Ben-Naim standard gas to benzene transfer entropy. The exper-
imental(exp) values are fromw53x, after correction to the Ben-
Naim standard. The model values in parentheses are those
obtained using the values in parentheses.v̄2

Table 5
Hydration entropy changes of small hydrocarbons at 258C

d v̄2 (hs3)v̄hs Ds (exp)•
2 Ds (hs1)•

2 Ds (hs2)•
2 Ds (hs3)•

2

(A)˚ (cm mol )3 y1 (cm mol )3 y1 (J K mol )y1 y1 (J K mol )y1 y1 (J K mol )y1 y1 (J K mol )y1 y1

CH4 3.70 37.3 26.6 y64.4 y13.7 37.6 y51.6
C H2 6 4.38 51.2 41.0 y83.2 y26.5 18.1 y66.9
C H3 8 5.06 67.0 59.8 y97.9 y47.2 y25.6 y85.6
i-C H4 10 5.55 82.9 76.5 y106.0 y59.3 y45.2 y98.5
n-C H4 10 5.65 83.1 80.2 y108.3 y70.5 y79.4 y103.6
C(CH )3 4 5.80 98.2 86.0 y111.7 y50.0 y1.1 y102.8

d: Hard sphere diameters for neopentane fromw7x and for all other alkanes fromw32x. : Partial molar volumes of the solutesv̄2
from w31x. : Step II volume expansion per mole of solute added. From Eq.(16). Ds : Ben-Naim standard gas to water transfer•v̄hs 2

entropy. The experimental(exp) values are fromw32x. See the text for an explanation of the model(hs1, 2, 3) values.

the experimental partial molar volume of methane
in benzene is quoted as 52 cm mol by Ben-3 y1

Naim w28x and Smith and Walkleyw29x, but as 57
cm mol by Miller and Hildebrandw30x. Thus,3 y1

in the case of dissolution of these solute species
in benzene, the hard sphere model reproduces the
experimental solvation entropy values rather
accurately.

3.3. Hydration of hydrocarbons

The necessary data and the results of the cal-
culations for the entropy change for the hydration
of small hydrocarbon molecules are compiled in
Table 5. The partial molar volumes for methane,
ethane and propane are the experimental values
from Cabani et al.w31x. The values for the other
three solutes are estimates calculated using the

group contributions provided by the same group.
The compressibility of water used was 46=10y12

cm ydyne at 258C. TheDs (exp) values are from2 •

Graziano w32x. The Ds (hs1), Ds (hs2) and• •
2 2

Ds (hs3) values given are the solvation entropy•
2

changes calculated for the three different hard
sphere models described below.
In the first model(hs1), the normal size, 2.75

A, was used for water and was set equal to .¯ ¯v vhs 2
˚
This model gives solvation entropy values that are
much less negative than the corresponding exper-
imental hydration entropy changes. When the size
of the solvent hard spheres was increased to 3.17
A (hs2, the second model), the entropy values˚
became generally even less negative than those for
the first model and changed sign for some solute
species.
The hard sphere system hs2 is more crowded

than hs1 since the size of the solvent molecules
has been increased without increasing volume. The
extent of crowding can be measured by means of
the volume packing density,j, but this measure
gives the amount of empty space relative to the
physically occupied space. An absolute measure
of the size of the empty space is given by the
notion of the ‘border’ thicknessw33,34x. The bor-
der thickness,d , of species i in a solution isi

defined by
3v̄s py6 dq2d . (15)Ž .Ž .i i i

As examined in great detail by one of us some
time ago w34x, the border thickness defined this
way gives the thickness of the shell around the
solute molecule that is devoid of solvent if solvent
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Table 6
Values of different terms that contribute toDs of methane hydration from different hard sphere models at 258C•

2

A B C ¯ ¯v yv yaThs 1 s ykIV Suma Ds (exp)yk•
2

Hs1 y2.604 0.674 y1.708 1.988 0 y1.65 y7.75
Hs2 y6.577 0.415 8.697 1.988 0 4.52 y7.75
Hs3 y6.577 0.415 y2.166 1.395 0.719 y6.21 y7.75

Sum of the terms across each row. Equals calculatedDs yk.a •
2

Table 7
Values of different terms that contribute to the modelDs at 25 8C•

2

A B C ¯ ¯v yv yaThs 1 s ykIV Suma

CH (b)b4 y5.323 0.779 3.085 0.212 0 y1.25
C H (b)b2 6 y5.323 0.270 3.158 0.447 0 y1.45
Waterc y6.577 0 0 0.923 0 y5.65
CH d

4 y6.577 0.415 y2.166 1.395 0.728 y6.21
C H d
2 6 y6.577 2.405 y6.767 2.192 0.694 y8.06

C H d
3 8 y6.577 6.460 y13.900 3.233 0.490 y10.30

i-C H d
4 10 y6.577 10.922 y20.787 4.157 0.436 y11.86

n-C H d
4 10 y6.577 12.009 y22.449 4.362 0.197 y12.46

C(CH ) d
3 4 y6.577 13.759 y25.055 4.683 0.830 y12.37

Sum of the terms across each row. EqualsDs yk.a •
2

In benzene.b

Using 3.17 A.c ˚
In water of 3.17 A diameter, using the hard sphere model hs3.d ˚

is considered as a continuum of constant packing
density. The value ofd for water in water at 25
8C is 0.55 A whends2.75 A but decreases to˚ ˚
0.34 A whends3.17 A. On the other hand, the˚ ˚
border thickness for methane in water is 0.61 A.˚
This means that, when a hard sphere of the size
of a methane molecule is added in step II and the
volume is allowed to increase by the partial molar
volume of methane, the average distance between
the surfaces of methane and water molecules is
0.61q0.34s0.95 A, nearly 50% larger than˚
2=0.34 A, the average surface-to-surface distance˚
between water molecules. This will create an extra
entropy for the system as some of the water
molecules ‘spill out’ into the border region
between methane and water. In order to prevent
this from happening, one can limit the volume
increase in step II so that the surface-to-surface
distance between methane and water molecules is
the same as that between water molecules. This
can be done by increasing the volume of the
system by per molecule given generally by:v̄hs

3v̄ s py6 d q2d . (16)Ž .Ž .hs 2 1

Note thatd is the diameter of the solute molecule2

but d is 0.34 A, the border thickness of the1
˚

increased size water molecules.
The values of given in Table 5 were com-v̄hs

puted using Eq.(16). The hard sphere system
obtained after this volume increase no longer has
the same number density as the original real
solution and the density has to be adjusted in step
IV. The entropy values calculated for this hard
sphere system, hs3, which uses these valuesv̄hs
and 3.17 A as the diameter of water molecules,˚
are given in the last column of Table 5 and
compared to the experimental values in Fig. 2. It
can be seen that this hard sphere model gives
values that are remarkably similar to the hydration
entropy values of the real system.
In order to see which features of the model

produce the different entropy values, the values of
the various terms that contribute to the entropy
change were calculated. They are given for the
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three hard sphere models for the hydration of
methane in Table 6 and for several different solute
and solvent species for selected hard sphere models
in Table 7.

4. Discussion

4.1. Choosing the proper hard sphere model

As indicated in the Section 1, real molecules
are not hard spheres and it is not always easy to
determine the proper hard sphere model that would
be most useful as a reference for the real aqueous
system. There are three types of systems in terms
of the ease with which a hard sphere model can
be constructed: the non-polar liquid of small nearly
spherical molecules, for which there is no substan-
tial ambiguity in selecting the hard sphere size or
the number density; the neat, polar liquid, for
which the main issue is the choice of the proper
hard sphere size; and the aqueous solution of non-
polar solute, for which one has to choose both the
hard sphere size and the number density.
For the straightforward case of the non-polar

neat systems, hard sphere models produce entropy
values that are similar to those of the real systems
(Table 2). This means thats is nearly zero, andIII

since the system is pure, thatDS is nearly zero.III

Thus, the entropy of these liquids is determined
mainly by the hard core packing effects and is not
much altered by the soft interactions. This is a
well-known observationw35x. The model values
are generally somewhat less negative than the real
values, suggesting either that the molecular sizes
used are systematically a little too small or that
the soft interactions do reduce the entropy slightly
further. For the case of the methane and ethane
dissolution in benzene, hard sphere models are
again essentially straightforward to choose,
although there is a minor problem stemming from
the experimental uncertainty associated with the
volume change of the system. The models give
entropy values that are comparable to or slightly
more negative than the real system(Table 4). This
suggests that the non-spherical shape andyor inter-
action potential of benzene molecules make the
packing slightly looser in these solutions than

expected from those made of totally spherical
molecules.
For pure liquids made of molecules that form

hydrogen bonds, there are at least two possible
sizes to consider for the hard spheres. In the case
of water, the inter-molecular distance of closest
approach is near 2.8 or 3.2 A depending on˚
whether the two molecules hydrogen bond or not,
respectively. The entropy of the hard sphere model
with the smaller size, hs1, is much larger than that
of real water(Table 2). One obvious reason for
this is that the molecules in hs1 are freely rotatable
whereas the rotational degree of freedom in real
water is highly restricted because of the hydrogen
bonds. There is also a less obvious reason: In the
hard sphere model, all interatomic distances in the
range of 2.8 and 3.2 A will occur with approxi-˚
mately equal probability whereas, in real water,
interatomic distances will tend to occur at either
2.8 or 3.2 A and much less frequently in-between,˚
at least at room temperature. Thus, molecules in
hs1 are expected to have more translational degree
of freedom as well as an increased rotational
degree of freedom. The actual difference between
the hs1 and real water, as measured byys , isIII

37 J K mol (Table 2). This is comparable toy1 y1

the rotational contribution to the gas phase entropy,
which is 43.8 J K mol for water at 258C,y1 y1

calculated using the characteristic temperature val-
ue of 22.38C w36x. The fact that the former value
is not larger, but somewhat less, than the latter
suggests that not all rotational degree of freedom
is frozen in real water. It should be noted that
some 20–30% of all possible hydrogen bonds in
water are thought to be broken at 258C w37,38x.
The hard sphere model with the larger size, hs2,

is in a way a more natural model system since this
is the system that will be obtained if the hydrogen
bonds were simply turned off from real water. This
model will have the same rotational entropy as
hs1 but less translational contribution since inter-
atomic distances less than 3.2 A do not occur in˚
this system. It is remarkable that the value ofsIII
is nearly zero with this model(Table 3). Thus,
hs2 is a model system wherein the increase in the
rotational contribution to the neat phase entropy is
nearly perfectly canceled by a reduction in the
translational entropy.
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For the hydration of hydrocarbons, again two
models can be considered: hs1, which uses the
2.75 A size water, and hs2, which uses 3.17 A.˚ ˚
Both of these models produce hydration entropy
values that are substantially larger than the exper-
imental values, even becoming positive for small
solute species(Table 5). The usual interpretation
of this observation would be that a structure forms
around the solute species in real water that is
absent in the hard sphere model or that the water
molecules around the solute molecule lose addi-
tional rotational degree of freedom. While this is
possible, it is important that other possible reasons
are carefully examined and eliminated before such
conclusions are drawn. In the case of hs1, one
obvious possibility is that the model contains hard
spheres that are too small so that the newly
introduced solute species has more room to move
about than in real water. Approximate magnitude
of this effect can be discerned by comparing the
values of termA in the expression fors , Eq.(8b),e

2

for hs1 and hs2. TermA depends only on the
solvent packing density(see Eq.(7a) and the next
sub-section), which is low in hs1 and high in hs2.
As can be seen in the example of methane hydra-
tion (Table 6), the effect is substantial, which
indicates that the low solvent packing density is
indeed a major reason for the relatively high
hydration entropy of the hs1 model.
On the other hand, the reason that hs2 produces

even higher hydration entropy than hs1 is that
term C is large for hs2. This term arises from the
change in packing density upon the introduction
of the solute molecule(see Eq.(8c) and the next
sub-section). Even though the solute molecule has
the same physical size and causes the same volume
increment in both models, there is a large negative
change in packing density in the hs2 model
because the starting solvent packing density is
high. As described in Section 3.3, the solvent
molecules ‘spill over’ into the free volume around
the solute molecule in this model. Therefore, both
the relatively high A term in the hs1 model and
the largeC term in the hs2 model arise from
features of the models that are probably absent in
real water.
Model hs3 is a modification of hs2, in which

the ‘spill over’ is prevented by limiting the volume

increase upon the solute insertion. This is done in
such a manner that the average surface-to-surface
distance between the solute and solvent molecule
is the same as that between the solvent molecules.
This causes the volume of the model solution
unequal to that of the real solution, necessitating
the additional step IV to complete the thermody-
namic cycle. The fact that this model produces a
larger negative entropy change is not surprising,
but the degree to which this model reproduces the
experimental values is remarkable. This indicates
that the large reduction in entropy, which is a
hallmark of the hydrophobic effect, can arise from
causes other than the formation of hydrogen-
bonded structure or loss of orientational degree of
freedom.

4.2. The entropy formula for the hard sphere
system

One of the virtues of the hard sphere system is
that the entropy(and other thermodynamic quan-
tities) can be calculated analytically so that it is
possible to dissect the total into several compo-
nents and examine each of them in detail. The
values of each term that contributes to the entropy
change are given in Tables 6 and 7.
Eq. (8b) shows that the excess entropy change

upon addition of a hard sphere into a system of
hard spheres is given by the sum of three terms.
According to Eq.(7a), termA is always negative
since the volume packing density of common
liquids is always between 0 and 1. This term is
present even when the solute added is the same
species as the solvent. Therefore, this term repre-
sents the reduction in entropy due to the increase
in the amount of structure upon increasing the size
of the system by one molecule, regardless of
whether the molecule added is the same as or
different from the solvent species.
Calculations using Eq.(7b) show that the term

B is positive for all values ofr andj, except when
rs1, in which case it is zero. Thus, this term
raises solvation entropy when the solute is either
larger or smaller than the solvent. The presence of
this term presumably reflects the fact that there
are more ways to pack a set of differently sized
spheres than that of uniformly sized spheres. This
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contribution can be substantial when the size
difference is large(see Table 7).
Term C arises from the change in the volume

packing density when a solute is added. This term
is zero when the solute added is of the same
species as the solvent, since the packing density
does not change in this case. When the solute is
of different size than the solvent, this term is
usually non-zero. The term in Eq.(8c) is≠Ay≠j

equal toy (p yp )yp , where p and p arehs id idj hs id

the pressures of the hard sphere and ideal gas
systems, respectively, that are obtained from the
pure solvent system under the constant volume
condition. Because this term is large, termC makes
a large contribution to the solvation entropy, either
positively when the volume is allowed to increase
by more thanr or negatively when the volume3v̄1
is fixed or allowed to increase by less thanr .3v̄1
This makes it important that the conditions for
step II be chosen judiciously if the hard sphere
model is to yield a useful result. Sharp et al.w8x
considered a number of different conditions. The
condition of the hs3 model is novel. It is designed
to make the spacing between the solute and solvent
molecules the same as that between the solvent
molecules when they do not hydrogen bond.

4.3. Implications to the hydrophobicity

We note first that both the experimental and the
calculatedDs values are negative for all cases•

2

considered, including pure polar and non-polar
systems, solvating non-polar molecules in a non-
polar solvent, and of course hydration of non-polar
solutes. Therefore, the fact that hydration entropy
change is negative, by itself, does not indicate that
water forms an additional structure when a non-
polar solute molecule is inserted. According to the
hard sphere model, the negative entropy for the
solvation of a methane and ethane in benzene
(Table 7) arises from the presence of termA. This
term is present in all cases and, as noted above,
represents an increase in the amount of structure
due to the increase in the size of the system upon
addition of more molecules in the system.
On the other hand, although the entropy change

is negative in all cases, it is much larger in
magnitude for the hydration than for the solvation

in benzene. Table 7 shows the hs3 model expla-
nation of this phenomenon: the reason is that term
C is negative for the hydration but is positive for
the solvation in benzene. According to Eq.(8c),
the sign of termC is determined by the factor

. Using Eq.(15) for , and assuming3¯ ¯ ¯v yv yr vŽ .hs 1 1

that is given by Eq.(16) even for methanev̄hs
and ethane in benzene and thatd is small, this1

factor is approximately given by:

3 2¯ ¯v yv yr f6r 1yr d yd (17)Ž .Ž .hs 1 1 1

Thus theC term is positive for the solvation of
methane and ethane in benzene simply because
the solute molecules are smaller than the solvent
molecule(r-1). For solute molecules larger than
benzene, this term will become negative, as in the
case of the hydration. However, this term will
remain larger in magnitude for hydration than for
solvation in benzene becaused , to which both1

d andd are compared, is smaller for water than2 1

for benzene. Therefore, this hard sphere model
corroborates the suggestion made earlier by us
w7,39,40x and by othersw41–47x that it is the small
size of water molecules that produces the hydro-
phobicity. The caveat is that it is difficult to
establish if the hs3 model is indeed the appropriate
model for water.
Finally we note that the experimentalDs values•

2

for hydration are linearly related to the size of the
solute molecules(Fig. 2) and that the point for
the gas to neat phase transfer of water falls in the
same line when the larger size is used for water.
The model values are always less negative than
the experimental values, but follows the same
general trend with respect to the solute size. Also
the fact that the neat phase transfer of water falls
on the same line is consistent with the hard sphere
model in which water is treated like any other
non-polar solute, except that its size happens to
coincide with that of the solvent. The size depend-
ence is, however, not linear in the hs3 model since
the termsB, C and ( y yaT) all show cubic¯ ¯v vhs 1

dependence ond .2
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